Partial theta functions are of interest to statistical physics and combinatorics, to Ramanujan type q-series, to asymptotic analysis and to the theory of (mock) modular forms. One such function is defined by the series
The series in two variables Ψ(q, x) := ∞ k=0 q ( k+1 2 ) x k , in which x can be considered as a variable and q as a parameter, converges for |q| < 1, x ∈ C. It defines for each |q| < 1 fixed an entire function called a partial theta function. This terminology might refer also to Ψ(q, −x) or to Ψ(q, −x/q) or to g q (x) := ∞ k=0 q k 2 x k = Ψ(q 2 , x/q).
Partial theta functions are of interest to statistical physics and combinatorics [ 7 ] , to Ramanujan type q-series [ 8 ] , to asymptotic analysis [ 2 ] and to the theory of (mock) modular forms [ 3 ] ; see also [ 1 ] . They can be considered not only as holomorphic, but also as real analytic functions (i.e. when q and x are real).
In paper [ 4 ] , when studying some properties of partial theta functions in the real analytic context and their relationship with hyperbolic polynomials (i.e. real polynomials with all roots real), the function in one variable ψ(q) = 1 + 2 ∞ k=1 (−1) k q k 2 = −1 + 2g q (−1) appears. When q ∈ (−1, 1) (respectively q ∈ C, |q| < 1), this lacunary series converges and defines a real analytic function on (−1, 1) (respectively a function holomorphic in the open unit disk).
It is proved in [ 6 ], Chapter 1, Problem 56, that
In the present paper we consider the real analytic situation (i.e. q ∈ (−1, 1)). We prove the following theorem:
Theorem 1. The function ψ has the properties:
1. One has ψ < 0 for all q ∈ (−1, 1).
One has lim
In other words, ψ is flat at 1.
4.
One has ψ ≥ 0 for all q ∈ (−1, 1), with equality only for q = 0. 
Proof. For q ∈ (−1, 0) all terms of the series
are negative (respectively positive). This proves properties 1 and 4 for q ∈ (−1, 0). Using the Taylor series ln(
denotes the integer part of a real number). One has
(we use here the inequalities (3) and the well-known equalities k 2 = (j + 1)(j + 2)(2j + 3)/6).
For j ≥ 8 one has j + 3 3 > ln(j + 2) + 1 and, hence, 
Prove part 5. Summing up formula (2) for k = 1, 2, . . . , one deduces the equality
.
, where
It follows from (2j +1)ζ j (q) = 1/(q −2j−1 +q −2j +· · ·+q −1 ) that ζ j is increasing on (0, 1) and tends to 1/(2j + 1) 2 as q → 1. The series κ k , where κ k = (−1)
The maximal value of κ k is κ k (−k 2 /(k 2 + 1)) = (k 2 /(k 2 + 1)) k 2 (1/(k 2 + 1)) < 1/(k 2 + 1). The series 
